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Abstract
We show that regular cycle-regular (see text for de2nitions) graphs are not always vertex
transitive. ? 2001 Elsevier Science B.V. All rights reserved.
The purpose of this note is to provide a counterexample to Flocchini’s hypothe-
sis [4,5]. We do so by reference to existing constructions. The hypothesis came out
naturally in the study of the sense of direction in graphs, a concept very useful in
distributed computing. The interested reader can 2nd further references in [5].
Let G = (V; E) be a graph on n vertices. For u ∈ V and e ∈ E, and for each
36k6n, let ck(v) and ck(e) be the number of (simple) cycles of length k through u
and through e, respectively. We call G cycle-regular if ck(e) = ck(f) for all e; f ∈ E
and all 36k6n. Similarly, G is called vc-regular (for vertex-cycle) if ck(u) = ck(v)
for all u; v ∈ V and all 36k6n. Observe that a cycle-regular graph is vc-regular since
every cycle of length k through a vertex u passes through exactly two edges incident to
that vertex and so is counted twice in the sum of the ck(e) over the edges incident to
u. Flocchini [4] and Flocchini and Santoro [5] suggested that every regular vc-regular
graph is vertex transitive. This, however, is not true.
It is well known that every edge transitive graph is cycle-regular, and every vertex
transitive graph is vc-regular. It is also known (but more diAcult to prove, see [1–3,
6–8]) that there are (necessarily bipartite) regular graphs which are edge transitive but
not vertex transitive. Any such graph is a counterexample to Flocchini’s hypothesis.
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One could ask about the implications of cycle regularity. The counterexamples given
disprove the hypothesis that regular cycle-regular graphs are vertex transitive. It seems
possible, however, that (2nite) vertex transitive cycle-regular graphs are always edge
transitive, although we will not go as far as to conjecture this.
If we do not require that the graphs be 2nite (and hence allow k to be any integer at
least 3 in the de2nitions of vc-regular and cycle-regular), it is not diAcult to construct
counterexamples. One can be had, in many ways, from the basic building block K4−e,
a 4-cycle with a diagonal. For the purposes of the construction, let T be the complete
graph on {x0; x1; x2} and write d(u) for the degree of vertex u. Recall also that !
is the 2rst in2nite ordinal, the ordered set of non-negative numbers for our purposes.
Construct a sequence of graphs Gi; i¡!, as follows. (See Fig. 1)
Let G0 = K4 − e. For each i¡!, set Vi = {v ∈ V (Gi): d(v) = 2}, Ui = {u ∈
V (Gi): d(u) = 3} and Wi = {w ∈ V (Gi): d(w) = 1} (for each i, one of the sets Ui,
Wi will be empty). Let V0 = {v0; v1} and U0 = {u0; u1}. Assume that Gi has been
constructed. We obtain Gi+1 from Gi by adding
1. for each vertex v ∈ Vi
• if i is even, a new copy Tv of T , identifying v with x0;
• if i is odd, a new copy of G0, identifying v with v0;
2. for each vertex u ∈ Ui a new vertex w and the edge uw;
3. for each vertex w ∈ Wi a new copy of G0, identifying w with u0.
It is easy to verify that Gi is an (induced) subgraph of Gi+1, and that each of its
vertices has degree 4 and lies in two 3-cycles and one 4-cycle in Gi. Further, none
of the new vertices have degree 4 — in fact, V (Gi+1 \ V (Gi)) is partitioned into
Vi+1∪Ui+1 (if i is even) or into Vi+1∪Wi+1 (if i is odd). But more can be said. First,
each vertex in Vi+1 lies in exactly one 3-cycle and no 4-cycle if i is even (and then Wi
is empty), and in one 3-cycle and one 4-cycle, in the same 2-connected component,
if i is odd (and then Ui is empty). Second, Gi+1 has two kinds of vertices of degree
4: those lying in two 3-cycles in the same 2-connected component of Gi, and those
on two triangles in two distinct 2-connected components. Thus, by induction, we have
that the set of the former is
⋃i
j=0 Vj, while the set of the latter is
⋃i
j=0 (Uj ∪Wj).
In the limit, therefore, the countable graph G=
⋃
i¡! Gi will be 4-regular, vc-regular,
but not vertex transitive. We also note that G is not cycle-regular and that it has two
orbits of vertices under its automorphism group, namely V =
⋃
i¡! Vi and
⋃
i¡!(Ui ∪
Wi). We leave the details to the reader.
A cycle-regular, vertex transitive but not edge transitive in2nite graph is at this
writing elusive (if it exists). Let us repeat the (to us) interesting problem.
Problem. Is there a cycle-regular, vertex transitive but not edge transitive graph, 2nite
or infnite?
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Fig. 1. The 2rst four steps of the construction.
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